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AM-PROPERTY IN LOCALLY SOLID VECTOR LATTICES AND
APPLICATIONS
OMID ZABETI
Abstract. Suppose X is a locally solid vector lattice. In this paper, we introduce the notion
”AM -property” in X as an extension for AM -spaces in the category of all Banach lattices. With
the aid of this concept, we characterize spaces in which bounded sets and order bounded sets
agree. This, in turn, characterizes conditions under which each class of bounded operators on X
is order bounded and vice versa. Also, we show that under some natural assumptions, different
types of bounded order bounded operators on X have the Lebesgue or Levi property if and only
if so is X.
1. motivation and Preliminaries
Let us start with some motivation. Suppose K is a compact Hausdorff topological space and
C(K) is the Banach lattice of all real-valued continuous functions on K. In general, C(K)-spaces
have important properties in the category of all Banach lattices; for example in a C(K)-space,
the Levi property and order completeness agree, order boundedness and boundedness coincide
and so on. In addition, every AM -space can be isometrically embedded into a C(K)-space ( the
remarkable Kakutani theorem); recall that a Banach lattice E which satisfies ‖x ∨ y‖ = ‖x‖ ∨ ‖y‖
for every x, y ∈ E+ is termed an AM -space. On the other hand, one interesting question regarding
operators between normed lattices is the following.
Is there any relation between continuous operators and order bounded ones?
It is known that when the domain is a Banach lattice, every order bounded operator is con-
tinuous. In general, the answer for the other direction is almost negative. Nevertheless, in some
special cases, this can happen; when E and F are C(K)-spaces, then an operator T : E → F is
continuous if and only if it is order bounded; note that we can not replace C(K)-space with an
AM -space ( see [2, Example 4.73]). Furthermore, in a locally solid vector lattice, there are several
non-equivalent ways to define bounded operators. So, it is interesting to investigate the relations
between these types of bounded operators and order bounded ones. This is what our paper is
about. Moreover, it is shown that in [3], under some mild assumptions, each class of bounded
order bounded operators between locally solid vector lattices, can have lattice structure, too. So,
another interesting direction is to find situations under which a known property regarding lattice
structure such as the Levi or Lebesgue property can be transformed between the space of bounded
operators and the underlying space. This is another application of AM -property. More explicitly,
we show that each class of bounded operators between locally solid vector lattices, under some
conditions related to AM -property, possesses the Levi or Lebesgue property if and only if so is the
range space.
Now, we consider some preliminaries which are needed in the sequel. For undefined terminology
and also related notions as well as for a background on locally solid vector lattices, the reader is
referred to [1, 2].
A vector lattice X is called order complete if every non-empty bounded above subset of X
has a supremum. X is Archimedean if nx ≤ y for each n ∈ N implies that x ≤ 0. It is known
that every order complete vector lattice is Archimedean. A set S ⊆ X is called solid if x ∈ X ,
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y ∈ S and |x| ≤ |y| imply that x ∈ S. Also, recall that a linear topology τ on a vector lattice X is
referred to as locally solid if it has a local basis at zero consisting of solid sets.
Suppose X is a locally solid vector lattice. A net (xα) ⊆ X is said to be order convergent to
x ∈ X if there exists a net (zβ) ( possibly over a different index set) such that zβ ↓ 0 and for every
β, there is an α0 with |xα − x| ≤ zβ for each α ≥ α0. A set A ⊆ X is called order closed if it
contains limits of all order convergent nets which lie in A.
Keep in mind that topology τ on a locally solid vector lattice (X, τ) is referred to as Fatou if
it has a local basis at zero consisting of solid order closed neighborhoods. In this case, we say that
X has the Fatou property.
Observe that a locally solid vector lattice (X, τ) is said to have the Levi property if every
τ -bounded upward directed set in X+ has a supremum.
Finally, recall that a locally solid vector lattice (X, τ) possesses the Lebesgue property if for
every net (uα) in X , uα ↓ 0 implies that uα
τ
−→ 0.
Let us fix a convention. Suppose (X, τ) is a locally solid vector lattice. So, it has a local basis
at zero consisting of solid sets. In this paper, we always choose zero neighborhoods from this basis.
Moreover, if X possesses the Fatou property, it contains a local basis consisting of solid order
closed sets. So, we always pick zero neighborhoods from this basis.
For undefined expressions and related topics, see [1].
2. main results
Observation. SupposeX is an Archimedean vector lattice. For every subset A, byA∨, we mean
the set of all finite suprema of elements of A; more precisely, A∨ = {a1 ∨ . . .∨ an : n ∈ N, ai ∈ A}.
It is obvious that A is bounded above in X if and only if so is A∨ and in this case, when the
supremum exists, supA = supA∨. Moreover, put A∧ = {a1 ∧ . . . ∧ an : n ∈ N, ai ∈ A}. It is easy
to see that A is bounded below if and only if so is A∧ and inf A = inf A∧ ( when the infimum
exists). Observe that A∨ can be viewed as an upward directed set in X and A∧ can be considered
as a downward directed set.
Suppose X is a locally solid vector lattice. We say that X has AM-property provided that
for every bounded set B ⊆ X , B∨ is also bounded. It is worthwhile to mention that when B is
bounded and solid, B∨ is bounded if and only if B∧ is bounded; this follows from the fact that X
is locally solid and x1 ∧ . . . ∧ xn = −((−x1) ∨ . . . ∨ (−xn)) for any n ∈ N and any xi ∈ B.
Note that when E is a Banach lattice, every AM -space has AM -property. But this is not the
only case in the category of all locally solid vector lattices.
Proposition 1. Suppose (Xα)α∈A is a family of locally solid vector lattices. Put X =
∏
α∈AXα
with product topology and pointwise ordering. If each Xα has the AM -property, then so is X.
Proof. Suppose B ⊆ X is bounded. By a simple modification of [7, Theorem 3.1], there exists a
net (Bα)α∈A such that for each α, Bα ⊆ Xα is bounded and B ⊆
∏
α∈ABα. We show that B
∨ is
also bounded. Let W be an arbitrary zero neighborhood in X . So, there are zero neighborhoods
(Uαi)i∈{1,...,n} such that W =
∏n
i=1 Uαi ×
∏
α∈A−{α1,...,αn}
Xα.
Observe that for each x ∈ B, there is a net (xβ)β∈A with xβ ∈ Bβ. Now, consider the set
{x1, . . . , xm} ⊆ B in which m ∈ N is fixed but arbitrary. It is enough to show that x1 ∨ . . . ∨ xm
is also bounded. Note that
x1 ∨ . . . ∨ xm = (x
1
β) ∨ . . . ∨ (x
m
β ) = (x
1
β ∨ . . . ∨ x
m
β )β∈A.
Where xjβ ∈ Bβ for each j ∈ {1, . . .m}. For each i ∈ {1, . . . n}, Bαi has AM -property so that there
exists an αi ∈ R+ with (x
1
αi
∨ . . .∨ xmαi) ∈ αiUαi . Put α = max{α1, . . . , αn}. Then, it can be seen
easily that x1 ∨ . . . ∨ xm ∈ αW , as claimed. 
The following result may be known; we present a proof for the sake of completeness.
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Proposition 2. Suppose (Xα)α∈A is a family of locally solid vector lattices. Put X =
∏
α∈AXα
with product topology and pointwise ordering. If each Xα has the Levi property, then so is X.
Proof. Suppose (xβ)β∈B is a bounded increasing net in X . We need to show that its supremum
exists. Observe that for each β, xβ = (xβα)α∈A. Since X has product topology, we conclude that
the net is pointwise bounded; more precisely, for each fixed α, the net (xβα)β∈B is bounded and
also increasing in Xα so that it has a supremum by the assumption, namely, yα = sup{(x
β
α)β∈B}.
Now, it can be easily seen that y = (yα)α∈A = sup{(x
β
α)α∈A,β∈B}. 
Proposition 1 and Proposition 2 describe many examples of locally solid vector lattices with
AM and Levi properties. For example, consider RN, the space of all real sequences. It is a locally
solid vector lattice with product topology and pointwise ordering. On may consider this point that
it has AM and Levi properties.
Let us recall some notions regarding bounded operators between topological vector spaces. Let
X and Y be topological vector spaces. A linear operator T from X into Y is said to be nb-bounded
if there is a zero neighborhood U ⊆ X such that T (U) is bounded in Y . T is called bb-bounded if
for each bounded set B ⊆ X , T (B) is bounded. These concepts are not equivalent; more precisely,
continuous operators are, in a sense, in the middle of these notions of bounded operators, but in a
normed space, these concepts have the same meaning. The class of all nb-bounded operators from
X into Y is denoted by Bn(X,Y ) and is equipped with the topology of uniform convergence on
some zero neighborhood, namely, a net (Sα) of nb-bounded operators converges to zero on some
zero neighborhood U ⊆ X if for any zero neighborhood V ⊆ Y there is an α0 such that Sα(U) ⊆ V
for each α ≥ α0. The class of all bb-bounded operators from X into Y is denoted by Bb(X,Y )
and is allocated to the topology of uniform convergence on bounded sets. Recall that a net (Sα)
of bb-bounded operators uniformly converges to zero on a bounded set B ⊆ X if for any zero
neighborhood V ⊆ Y there is an α0 with Sα(B) ⊆ V for each α ≥ α0.
The class of all continuous operators from X into Y is denoted by Bc(X,Y ) and is equipped with
the topology of equicontinuous convergence, namely, a net (Sα) of continuous operators converges
equicontinuously to zero if for each zero neighborhood V ⊆ Y there is a zero neighborhood U ⊆ X
such that for every ε > 0 there exists an α0 with Sα(U) ⊆ εV for each α ≥ α0. See [6] for a detailed
exposition on these classes of operators. In general, we have Bn(X,Y ) ⊆ Bc(X,Y ) ⊆ Bb(X,Y )
and when X is locally bounded, they coincide.
Remark 1. In general, when we are dealing with bounded operators between locally solid vector
lattices, there is no specific relation between these classes of bounded operators and order bounded
operators; see [3] for more information. So, it is reasonable to consider Bbn(X,Y ): the space of
all order bounded nb-bounded operators, Bbb(X,Y ): the space of all bb-bounded order bounded
operators, Bbc(X,Y ): the space of all continuous order bounded operators between locally solid
vector lattices X and Y . It is shown in [3, Lemma 2.2] that these classes of operators under some
mild assumptions: order completeness and the Fatou property of the range space, form vector
lattices, again. Moreover, with respect to the assumed topology, each class of bounded order
bounded operators, is locally solid.
Theorem 1. Suppose X is an order complete locally solid vector lattice. The following are equiv-
alent.
(i) X possesses AM and Levi properties.
(ii) Every order bounded set in X is bounded and vice versa.
Proof. (i)→ (ii). The direct implication is trivial by [1, Theorem 2.19] since X is locally solid. For
the converse, assume that B ⊆ X is bounded; W.L.O.G, we may assume that B is solid, otherwise,
consider the solid hull of B which is again bounded. So, B+ = {x ∈ B, x ≥ 0} is also bounded.
Assume that (B+)
∨ is the set of all finite suprema of elements of B+. By the AM -property, (B+)
∨
is also bounded. In addition, (B+)
∨ can be considered as an increasing net in X+. So, by the
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Levi property, sup(B+)
∨ exists. But in this case, supB+ also exists and sup(B+)
∨ = supB+. Put
y = supB+. Therefore, for each x ∈ B+, x ≤ y; now, it is clear from the relation B ⊆ B+ − B+
that B is also order bounded.
(ii)→ (i). Suppose B ⊆ X is bounded so that order bounded. Now, it is clear that B∨ is also
order bounded and therefore bounded.
Suppose D is an upward directed bounded set in X+. So, it is order bounded. Now, D has a
supremum since X is order complete.

Observe that order completeness is essential as an assumption for Theorem 1 and can not
be removed. Consider X = C[0, 1]; it possesses AM -property. Also, boundedness and order
boundedness agree in X . But it does not have the Levi property.
Corollary 1. Suppose X and Y are locally solid vector lattices such that Y possesses AM and
Levi properties. Then every bb-bounded operator T : X → Y is order bounded; similar results hold
for nb-bounded operators as well as continuous operators.
Proof. Suppose A ⊆ X is order bounded. So, it is bounded. By the assumption, T (A) is also
bounded in Y . Therefore, Theorem 1 results in order boundedness of T (A). The other part
follows from this fact that every nb-bounded operator as well as every continuous operator is
bb-bounded. 
By considering Corollary 1 and [3, Lemma 2.2], we have the following observations.
Corollary 2. Suppose X and Y are locally solid vector lattices such that Y possesses AM , Fatou,
and Levi properties. Then Bn(X,Y ) is a vector lattice.
Corollary 3. Suppose X and Y are locally solid vector lattices such that Y possesses AM , Fatou,
and Levi properties. Then Bb(X,Y ) is a vector lattice.
Corollary 4. Suppose X and Y are locally solid vector lattices such that Y possesses AM , Fatou,
and Levi properties. Then Bc(X,Y ) is a vector lattice.
Proposition 3. Suppose X is a locally solid vector lattice which possesses AM and Levi properties
and Y is any locally solid vector lattice. Then, every order bounded operator T : X → Y is bb-
bounded.
Proof. Suppose B ⊆ X is bounded. By Theorem 1, B is also order bounded. By the assumption,
T (B) is order bounded in Y so that bounded by considering this point that Y is locally solid. 
Corollary 5. Suppose X is a locally solid vector lattice which possesses AM and Levi properties
and Y is an order complete locally solid vector lattice with the Fatou property. Then, Bbb(X,Y ) =
Bb(X,Y ).
Proof. By Proposition 3, Bbb(X,Y ) ⊆ B
b(X,Y ) ⊆ Bb(X,Y ). So, B
b
b(X,Y ) = B
b(X,Y ).

Remark 2. We can not expect Proposition 3 for either nb-bounded operators or continuous oper-
ators. Consider the identity operator on RN. It is order bounded but not an nb-bounded operator;
observe that RN has AM and Levi properties by Proposition 1 and Proposition 2. Furthermore,
suppose X is ℓ∞ with absolute weak topology and pointwise ordering and Y is ℓ∞ with norm
topology and pointwise ordering. Then, the identity operator I from X into Y is order bounded
but not continuous. Again, observe that X has AM and Levi properties: suppose B ⊆ X is
absolutely weakly bounded so that norm bounded; since (ℓ∞, ‖.‖) is a C(K)-space, we see that it
has AM -property. Also, suppose (xα) is an increasing absolutely weakly bounded net in X+. So,
it is norm bounded; we know that (ℓ∞, ‖.‖) has the Levi property.
Nevertheless, we have the following observation. Recall that a metrizable locally solid vector
lattice X is called a Fre´chet space if it is complete.
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Proposition 4. Suppose X is a Fre´chet space and Y is an order complete locally solid vector
lattice with the Fatou property. Then, Bbc(X,Y ) = B
b(X,Y ).
Proof. By [1, Theorem 5.19], we conclude that Bbc(X,Y ) ⊆ B
b(X,Y ) ⊆ Bc(X,Y ). Therefore,
Bbc(X,Y ) = B
b(X,Y ). 
Before, we proceed with an application ofAM -property, we have the following useful observation.
Recall that Bb(X,Y ) is the space of all order bounded operators from a vector lattice X into a
vector lattice Y .
Lemma 1. Suppose X and Y are locally solid vector lattices such that Y possesses the Fatou
property and is order complete. Then we have the following.
(i) Bbn(X,Y ) is an ideal of B
b(X,Y ).
(ii) Bbb(X,Y ) is an ideal of B
b(X,Y ).
(iii) Bbc(X,Y ) is an ideal of B
b(X,Y ).
Proof. (i). Assume |T | ≤ |S| where T is order bounded and S ∈ Bbn(X,Y ). There exists a zero
neighborhood U ⊆ X such that S(U) is bounded. So, for each zero neighborhood V ⊆ Y , there is a
positive scalar γ with S(U) ⊆ γV . Since U is solid, for any y ∈ U , y+, y−, |y| ∈ U . Fix any x ∈ U+.
Then |T |(x) ≤ |S|(x). In addition, by the Riesz-Kantorovich formulae, |S|(x) = sup{|S(u)| : |u| ≤
x}. Since U is solid and V is order closed, we conclude that |S|(x) ∈ γV so that |T |(x) ∈ γV .
Since |T (x)| ≤ |T |(x), we see that |T (x)| ∈ γV . So, T (x) ∈ γV . Therefore, T (U+) ⊆ γV . Since
U ⊆ U+ − U+, we conclude that T (U) is also bounded.
(ii). It is similar to the proof of (i). Just, observe that for a bounded set B ⊆ X , W.L.O.G, we
may assume that B is solid; otherwise, consider the solid hull of B which is also bounded.
(iii). Assume |T | ≤ |S| where T is order bounded and S ∈ Bbc(X,Y ). Choose arbitrary zero
neighborhood W ⊆ Y . There is a zero neighborhood V with V − V ⊆W . Find any neighborhood
U such that S(U) ⊆ V . Fix any x ∈ U+. Then, |T |(x) ≤ |S|(x). In addition, by the Riesz-
Kantorovich formulae, |S|(x) = sup{|S(u)| : |u| ≤ x}. Since U is solid and also V and W are
order closed, we conclude that |S|(x) ∈ V so that |T |(x) ∈ V . Since |T (x)| ≤ |T |(x), we see
that |T (x)| ∈ V . So, T (x) ∈ V . Therefore, T (U+) ⊆ V . Since U ⊆ U+ − U+, we conclude that
T (U) ⊆ T (U+)− T (U+) ⊆ V − V ⊆W , as desired. 
As a consequence, we state a domination property for each class of bounded order bounded
operators.
Corollary 6. Suppose X and Y are locally solid vector lattices such that Y possesses the Fatou
property and is order complete. Moreover, assume that T, S : X → Y are operators such that
0 ≤ T ≤ S. Then we have the following.
(i) If S ∈ Bbn(X,Y ) then T ∈ B
b
n(X,Y ).
(ii) If S ∈ Bbb(X,Y ) then T ∈ B
b
b(X,Y ).
(iii) If S ∈ Bbc(X,Y ) then T ∈ B
b
c(X,Y ).
Remark 3. We have seen in Lemma 1 that each class of bounded order bounded operators is an
ideal in the space of all order bounded operators. So, one interesting question is to ask whether or
not the assumed space of operators forms a band. The answer is negative:
Suppose X is RN with product topology and pointwise ordering and Pn is the n-th projection
on X . Then, each Pn is nb-bounded as well as order bounded. In addition, Pn ↑ I, where I is the
identity operator on X . But I is not nb-bounded. Furthermore, suppose X is ℓ∞ with absolute
weak topology and pointwise ordering and Y is ℓ∞ with norm topology and pointwise ordering.
Again, assume that Pn is the n-th projection from X into Y . It is easy to see that each Pn is
continuous as well as order bounded; moreover, Pn ↑ I, where I is the identity operator from X
into Y . But I is not continuous, certainly.
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Theorem 2. Suppose X is a locally solid-convex vector lattice and Y is an order complete locally
solid vector lattice with the Fatou property. Then Bbn(X,Y ) has the Levi property if and only if so
is Y .
Proof. Suppose (Tα) is a bounded increasing net in B
b
n(X,Y )+. This implies that there is a zero
neighborhood U ⊆ X such that (Tα(U)) is bounded for each α. So, for each x ∈ X+, the net (Tα(x))
is bounded and increasing in Y+ so that it has a supremum, namely, αx. Define Tα : X+ → Y+ via
Tα(x) = αx. It is an additive map; it is easy to see that αx+y ≤ αx+αy. For the converse, fix any
α0. For each α ≥ α0, we have Tα(x) ≤ αx+y−Tα(y) ≤ αx+y−Tα0(y) so that αx ≤ αx+y−Tα0(y).
Since α0 was arbitrary, we conclude that αx + αy ≤ αx+y. By [2, Theorem 1.10], it extends to a
positive operator T : X → Y . It is enough to show that T ∈ Bbn(X,Y ). It is clear that T is order
bounded. Suppose V is an arbitrary zero neighborhood in Y . There is a positive scalar γ with
Tα(U) ⊆ γV . This means that T (U) ⊆ γV since V is order closed.
For the converse, assume that (yα) is a bounded increasing net in Y+. Pick any 0 6= x0 ∈ X+.
By the Hahn-Banach theorem, there exists f ∈ X∗+ such that f(x0) = 1. Define Tα : X → Y with
Tα(x) = f(x)yα. It is easy to see that each Tα is nb-bounded as well as order bounded. There
exists a zero neighborhood U ⊆ X such that |f(x)| ≤ 1 for each x ∈ U . It follows that (Tα) is
bounded and increasing. Thus, by the assumption, Tα ↑ T for some T ∈ B
b
n(X,Y ). Therefore,
Tα(x0) ↑ T (x0); that is yα ↑ T (x0), as claimed. 
Theorem 3. Suppose X is a locally solid-convex vector lattice and Y is an order complete locally
solid vector lattice with the Fatou property. Then Bbb(X,Y ) has the Levi property if and only if so
is Y .
Proof. Suppose (Tα) is a bounded increasing net in B
b
b(X,Y )+. Fix a bounded set B ⊆ X . This
implies that the set (Tα(B)) is bounded for each α. So, for each x ∈ X+, the net (Tα(x)) is
bounded and increasing in Y+ so that it has a supremum, namely, αx. Define Tα : X+ → Y+
via Tα(x) = αx. It is an additive map. By [2, Theorem 1.10], it extends to a positive operator
T : X → Y . It is sufficient to show that T ∈ Bbb(X,Y ). It is clear that T is order bounded.
Suppose V is an arbitrary zero neighborhood in Y . There is a positive scalar γ with Tα(B) ⊆ γV .
This means that T (B) ⊆ γV since V is order closed.
For the converse, assume that (yα) is a bounded increasing net in Y+. Pick any 0 6= x0 ∈ X+.
By the Hahn-Banach theorem, there exists f ∈ X∗+ such that f(x0) = 1. Define Tα : X → Y
with Tα(x) = f(x)yα. It is easy to see that each Tα is bb-bounded as well as order bounded.
Fix a bounded set B ⊆ X . Without loss of generality, we may assume that |f(x)| ≤ 1 for each
x ∈ B. It follows that (Tα) is bounded and increasing. Thus, by the assumption, Tα ↑ T for some
T ∈ Bbb(X,Y ). Therefore, Tα(x0) ↑ T (x0); that is yα ↑ T (x0), as desired. 
Theorem 4. Suppose X is a locally solid-convex vector lattice and Y is an order complete locally
solid vector lattice with the Fatou property. Then Bbc(X,Y ) has the Levi property if and only if so
is Y .
Proof. Suppose (Tα) is a bounded increasing net in B
b
c(X,Y )+. This implies that the net (Tα) is
equicontinuous. So, for any zero neighborhood V ⊆ Y , there is a zero neighborhood U ⊆ X such
that Tα(U) ⊆ V for each α. By [4, Theorem 2.4], for each x ∈ X+, the net (Tα(x)) is bounded and
increasing in Y+ so that it has a supremum, namely, αx. Define Tα : X+ → Y+ via Tα(x) = αx. It
is an additive map. By [2, Theorem 1.10], it extends to a positive operator T : X → Y . It suffices
to prove that T ∈ Bbc(X,Y ). It is clear that T is order bounded. One may verify that T (U) ⊆ V
since V is order closed.
For the converse, assume that (yα) is a bounded increasing net in Y+. Pick any 0 6= x0 ∈ X+.
By the Hahn-Banach theorem, there exists f ∈ X∗+ such that f(x0) = 1. Define Tα : X → Y
with Tα(x) = f(x)yα. It is easy to see that each Tα is continuous as well as order bounded.
There exists a zero neighborhood U ⊆ X such that |f(x)| ≤ 1 for each x ∈ U . It follows that
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(Tα) is equicontinuous (bounded) and increasing. Thus, by the assumption, Tα ↑ T for some
T ∈ Bbc(X,Y ). Therefore, Tα(x0) ↑ T (x0); that is yα ↑ T (x0), as claimed. 
Proposition 5. Suppose X and Y are locally solid vector lattices such that X is locally convex
and Y has the Fatou property and is order complete. If Bbn(X,Y ) has the Lebesgue property, then
so is Y .
Proof. Suppose (yα) is a net in Y such that yα ↓ 0. Pick any positive x0 ∈ X . By the Hahn-Banach
theorem, there exists f ∈ X∗+ such that f(x0) = 1. Define Tα : X → Y with Tα(x) = f(x)yα. It is
easy to see that each Tα is nb-bounded as well as order bounded. Note that by Lemma 1, B
b
n(X,Y )
is an ideal in Bb(X,Y ). Thus by considering [2, Theorem 1.35] and [2, Theorem 1.18], we conclude
that Tα ↓ 0 in B
b
n(X,Y ). So, by the assumption, Tα → 0 uniformly on some zero neighborhood
U ⊆ X . Therefore, Tα(x0)→ 0 in Y ; this means (yα) is a null net in Y , as we wanted.

Proposition 6. Suppose X and Y are locally solid vector lattices such that X is locally convex
and Y possesses the Fatou property and is order complete. If Bbb(X,Y ) has the Lebesgue property,
then so is Y .
Proof. Suppose (yα) is a net in Y such that yα ↓ 0. Pick any positive x0 ∈ X . By the Hahn-Banach
theorem, there exists f ∈ X∗+ such that f(x0) = 1. Define Tα : X → Y via Tα(x) = f(x)yα. It
is easy to see that each Tα is bb-bounded and order bounded. Note that by Lemma 1, B
b
b(X,Y )
is an ideal in Bb(X,Y ). Therefore, [2, Theorem 1.35] and [2, Theorem 1.18] yield that Tα ↓ 0 in
Bbb(X,Y ). So, by the assumption, Tα → 0 uniformly on bounded sets. Therefore, Tα(x0) → 0 in
Y ; this means (yα) is a null net in Y , as claimed.

For the converse, we have the following.
Theorem 5. Suppose X and Y are locally solid vector lattices such that X possesses AM and
Levi properties and Y is order complete. If Y has the Lebesgue property, then so is Bb(X,Y ).
Proof. First, observe that by Proposition 3, Bb(X,Y ) = Bbb(X,Y ). Suppose (Tα)α∈I is a net in
Bbb(X,Y ) such that Tα ↓ 0. Choose a bounded set B ⊆ X ; W.L.O.G, we may assume that B
is solid, otherwise, consider the solid hull of B which is certainly bounded. By Theorem 1, B is
order bounded. Put A = {Tα(x), α ∈ I, x ∈ B+}. Again, W.L.O.G, assume that B+ = [0, u],
in which u ∈ X+. Define Λ = I × [0, u]. Certainly, Λ is a directed set while we consider it with
the lexicographic order, namely, (α, x) ≤ (β, y) if α < β or α = β and x ≤ y. In notation,
A = (yλ)λ∈Λ ≥ 0. So, by considering A
∧, one can assume A as a decreasing net in Y+. Therefore,
it has an infimum. We claim that A ↓ 0; otherwise, there is a 0 6= y ∈ Y+ such that yλ ≥ y for each
λ ∈ Λ. Therefore, for each α and each x ∈ B+, Tα(x) ≥ y which is in contradiction with Tα ↓ 0.
By the assumption, yλ → 0 in Y . Therefore, for an arbitrary zero neighborhood V ⊆ Y , there
exists a λ0 = (α0, x0) such that yλ ∈ V for each λ ≥ λ0. Suppose λ = (α, x). So, for each α > α0
and for each x ∈ B+, Tα(x) ∈ V . Since B ⊆ B+ −B+, we conclude that Tα → 0 in B
b
b(X,Y ). 
Remark 4. Observe that hypotheses in Theorem 5 are essential and can not be removed. Consider
X = c0 with norm topology; it possesses the AM -property and its topology is Lebesgue but it
fails to have the Levi property. Suppose (Pn) is the sequence of basis projections on X . Each Pn
is bb-bounded and Pn ↑ I, where I is the identity operator on X . But Pn 9 I uniformly on the
unit ball of X . Moreover, consider Y = ℓ1 with norm topology; it has the Lebesgue and the Levi
properties but it fails to have the AM -property. Again, if (Pn) is the sequence of basis projections
on Y , Pn ↑ I but certainly not in the topology of uniform convergence on bounded sets.
Proposition 7. Suppose X and Y are locally solid vector lattices such that X is locally convex
and Y has the Fatou property and is order complete. If Bbc(X,Y ) has the Lebesgue property, then
so is Y .
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Proof. Suppose (yα) is a net in Y such that yα ↓ 0. Pick any positive x0 ∈ X . By the Hahn-Banach
theorem, there exists f ∈ X∗+ such that f(x0) = 1. Define Tα : X → Y with Tα(x) = f(x)yα. It is
easy to see that each Tα is continuous as well as order bounded. Note that by Lemma 1, B
b
c(X,Y )
is an ideal in Bb(X,Y ). Therefore, [2, Theorem 1.35] and [2, Theorem 1.18] imply that Tα ↓ 0 in
Bbc(X,Y ). So, by the assumption, Tα → 0 equicontinuously; for each zero neighborhood V ⊆ Y
there is a zero neighborhood U ⊆ X such that for each ε > 0, there exists an α0 with Tα(U) ⊆ εV
for each α ≥ α0. This means that Tα(x)→ 0 in Y for each x. In particular, Tα(x0)→ 0 in Y ; this
results in yα → 0 in Y .

In general, we do not know if a version Theorem 5 holds for continuous operators with respect
to the equicontinuous convergence topology. But we can have the following partial observation.
Suppose X is a Fre´chet space which possesses AM and Levi properties, then by Proposition 3 and
[1, Theorem 5.19], Bb(X,Y ) = Bbc(X,Y ) = B
b
b(X,Y ) for any order complete locally solid vector
lattice Y . So, by using Theorem 5, we have the following.
Corollary 7. Suppose X is a Fre´chet space which possesses AM and Levi properties and Y is an
order complete locally solid vector lattice. If Y has the Lebesgue property, then so is Bbc(X,Y ).
Moreover, since Bc(X,Y ) can be viewed as a subspace of Bb(X,Y ), we can consider the induced
topology on it. So, we have the following.
Proposition 8. Suppose X is a locally solid vector lattice with the Heine-Borel property and Y
is a locally solid vector lattice which is order complete. If Y has the Lebesgue property, then so is
Bbc(X,Y ); while it is equipped with the topology of uniform convergence on bounded sets.
Proof. Suppose (Tα) is a net in B
b
c(X,Y ) such that Tα ↓ 0. Thus, for any x ∈ X+, Tα(x) ↓ 0 so
that Tα(x)→ 0. Fix a bounded set B ⊆ X . Since the net (Tα) is order bounded, we conclude that
it is uniformly bounded on B. But by the Heine-Borel property, B is compact. Now, [5, Corollary
15] implies that Tα(B)→ 0 in Y . This means that B
b
c(X,Y ) possesses the Lebesgue property. 
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